Abstract. The two-fluid equations of Braginskii miss heat-flux terms in the viscosity. In this work we employ drift orderings to recover these missing terms and obtain a fully self-consistent system of short mean-free path two-fluid equations. These equations cannot be recovered from the short mean-free path limit of the well-known drift kinetic formalism of Hazeltine since this formalism is only accurate through first order in the small gyroradius expansion parameter, whereas second order accuracy is required. We propose a way of generalizing this formalism to make it secondorder accurate. We also use the results to derive the gyroviscosity and ion perpendicular viscosity for plasmas of arbitrary collisionality, provided the leading order distribution function is velocityspace isotropic. As an application, we consider electrostatic turbulence in a tokamak and use our expressions for ion viscosity in the toroidal angular momentum conservation equation to show that the ion perpendicular viscosity can be important for determining the axisymmetric radial electric field (and, therefore, zonal flow amplitude), especially if the turbulent radial particle flux is small.
INTRODUCTION
The short mean-free path two-fluid equations of Braginskii [1] do not retain heat flux terms in the viscosity. This is a consequence of his ordering the plasma flow velocity comparable to the sound speed and considering only the lowest order correction (in the small gyroradius, δ ≡ ρ/L ⊥ , and mean-free path, ∆ ≡ λ /L , expansion parameters) to the leading order Maxwellian distribution function. Here, ρ is the gyroradius, λ is the mean-free path, and L ⊥ and L are characteristic perpendicular and parallel length scales, respectively. Earlier attempts of Mikhailovskii and Tsypin [2, 3] to retain heatflux terms in viscosity did not resolve the problem entirely since their Sonine polynomial expansion of the correction to the Maxwellian was truncated too soon, the non-linear contributions from the ion-ion collision operator were neglected, and electrons were not considered. We [4, 5] recently revisited the problem, addressed these shortcomings, and derived complete drift-ordered short mean-free path equations for ions and electrons. We present a simple physical argument why retaining heat flux terms in viscosity can be important, briefly describe our procedure, and give the complete equations in Sec. 2.
When we failed to recover these improved equations from the widely-used drift kinetic equation of Hazeltine [6] , we realized that his kinetic equation is only exact through first order in δ . However, second order accuracy is needed to account for the effects of the Reynolds and gyroviscous stress tensors. We [7] have corrected the drift kinetic equation to account for δ 2 effects and used the improved formalism to derive expressions for gyroviscosity and (ion) perpendicular viscosity for plasmas of arbitrary collisionality in terms of a few velocity integrals of the δ correction to the leading order distribution function, which is assumed isotropic in the velocity space. We summarize our results in Sec. 3.
Finally, in Sec. 4 we employ our expressions for ion viscosity in the toroidal angular momentum equation to show that ion perpendicular viscosity can be important for determining the axisymmetric radial electric field in a tokamak in the presence of electrostatic turbulence. This viscosity is especially important when the turbulent radial particle flux is small, as for ion-temperature-gradient-driven turbulence. The axisymmetric radial electric field can drive sheared plasma flows (both large-scale and "zonal") and thereby determine the radial correlation length (and the associated transport level) of plasma turbulence. Since ion perpendicular viscosity is very small its effects are virtually impossible to account for in gyro-or drift kinetic equations. In fact, to the best of our knowledge, they are not in any existing kinetic formalism or code. The only way to deal with them self-consistently is via a hybrid fluid-kinetic formulation.
SHORT MEAN-FREE PATH TWO-FLUID EQUATIONS

Why Heat Fluxes Contribute to Momentum Transport
This subsection gives a simple physical argument on how heat fluxes in plasma can contribute to momentum transport (i.e., viscosity).
We know that a gradient of flow velocity contributes to viscosity. This can be seen from the following usual argument. Let us consider two neighboring magnetic flux surfaces, A and B, and assume that they are populated by gyrating particles with equal densities. Initially, all the particles on flux surface B are stationary while all the particles on flux surface A move from the left to the right with equal speeds [ Fig. 1(a) ]. Consequently, the initial flow velocity on flux surface A is nonzero, V A i > 0, while on flux surface B it is zero, V B i = 0. Therefore, a gradient of flow velocity exists. As a result of collisions particles from flux surface A radially step to flux surface B. Since like-particle collisions do not result (in lowest order) in particle transport, the same number of particles from flux surface B must jump to flux surface A [ Fig. 1(b) ]. It is clear that the particles transport momentum between the two flux surfaces, so that the flow velocity on flux surface B becomes non-zero, V B f > 0, and flow velocity on flux surface A decreases,
The momentum is transported until flow velocities on the two flux surfaces become equal.
A similar argument can be used to demonstrate that a gradient of heat flux also contributes to viscosity. Let us again consider two neighboring magnetic flux surfaces A and B, which are populated by gyrating particles with equal densities. We assume that initially all the particles on flux surface B are stationary, so that the associated flow velocity and heat flux are zero,
. We also assume that two types of particles, "hot" and "cold", populate flux surface A. The hot particles have equal large speeds and move from the left to the right, the cold particles also have equal but smaller speeds and move from the right to the left. We choose the numbers of hot and cold particles in such a way that the total associated flow velocity is zero, V A i = 0. Then, the associated (v 3 moment) heat flux is from the left to the right, q A i > 0. As a result, a gradient of flow velocity between the two flux surfaces is zero but a gradient of heat flux is not. Due to collisions particles from flux surface A step to flux surface B and vice versa. Since particle collisionality is inversely proportional to their temperature it is mostly the slow particles that jump [ Fig. 2(b) ]. It is clear that flow velocities on A and B will soon become nonzero, equal in magnitude, but oppositely directed: V A f = −V B f > 0. Therefore, a gradient of heat flux clearly results in momentum transport. This argument can be straightforwardly generalized to the case of arbitrary even moments of a particle distribution function. All such effects are missing from the Braginskii equations.
Complete Drift-Ordered Short Mean-Free Path Two-Fluid Equations
This subsection describes briefly our procedure for obtaining a complete system of drift-ordered short mean-free path two-fluid equations for magnetized plasmas and gives these equations for reference purposes.
To obtain drift-ordered short mean-free path expressions for electron and ion viscosities, heat fluxes, electron-ion friction forces and energy exchange terms we have assumed δ j ∼ ∆ j , ν j Ω j (with ν j the collision frequency and Ω j the gyrofrequency), and V j ∼ q j /p j , j = e, i, and solved electron and ion kinetic equations to obtain corrections to the leading order Maxwellian distribution functions through second order in δ j ∼ ∆ j . The gyrophase-dependent portions of the species distribution functions have been evaluated exactly in terms of the gyrophase-averaged portions, and the gyrophase-averaged portions have been expanded in Sonine polynomials with coefficients evaluated variationally. The results have been used to obtain viscosities, heat fluxes, and exchange terms via direct evaluation of appropriate moments of distribution functions, except for ion perpendicular viscosity, which has been evaluated via moment approach. The electron perpendicular viscosity is small and has not been evaluated. This procedure is general enough to describe all effects of interest for turbulence (
and neoclassical (δ j ∆ j , L ⊥ L ) theories and is described in detail in Refs. [4, 5] . The system of two-fluid equations consists of the continuity equation for density, n j ,
the momentum conservation equation for flow velocity, V j ,
and the energy conservation equation for pressure, p j , ∂ ∂t
The viscous stress tensor,
where the parallel viscous stress tensor is
with 
R e the electron-ion friction force defined below, ξ i = 0.61, ξ e = 0.98, ↔ I the unit tensor, and b ≡ B/B. The so-called gyroviscous part of the stress tensor is
where a superscript "T" is used to denote a transpose of the dyad. The perpendicular part of the ion viscous stress tensor is
Notice, that only the diamagnetic contribution to q ⊥ j has to be retained in ↔ π j and ↔ π ⊥ j , but both the diamagnetic and the classical collisional contributions to q ⊥ j are required in ↔ π g j . Expressions (5) -(9) reduce to the corresponding Braginskii expressions in the limit q j , q * j → 0. The energy flux is
with the heat fluxes given by the standard Braginskii expressions 
with σ ⊥ = 0.51σ = e 2 n e /m e ν e , and
DRIFT KINETIC EQUATION AND GYROVISCOSITY FOR ARBITRARY-COLLISIONALITY PLASMAS
Drift Kinetic Equation Accurate to Order δ 2
Any attempt to recover the short mean-free path expressions for species viscosities, described in the previous section, from the well-known drift kinetic formalism of Hazeltine [6] fails. The reason is that his formalism is only accurate to order δ , while at least a δ 2 accurate formalism is required to recover viscosities. This subsection extends the drift kinetic formalism of Hazeltine to make it accurate to order δ 2 . Here, we will concentrate on ions and assume for simplicity that they are singly-charged. However, most of the results are also valid for electrons.
We start with the full ion kinetic equation (where we drop species subscripts to simplify notation),
and assume
We also assume that the leading order f is isotropic in the velocity space. This is almost always the case for the magnetically confined plasmas of interest to fusion unless strong external sources, such as radio-frequency-wave sources or neutral beams, are present. Indeed, the leading order distribution function of plasmas confined by closed magnetic flux surfaces is a Maxwellian [8] . The velocity-space isotropy assumption can be relaxed. However, the resulting equations are rather cumbersome and unlikely to be useful. Notice, that in his original work [6] Hazeltine assumed ∂ /∂t ∼ δ Ω and arbitrary leading-order f , so his derivation is consistent to order δ . We begin by rewriting Eq. (15) in terms of ε ≡ v 2 /2 (the kinetic energy), µ ≡ v 2 ⊥ /2B (the magnetic moment), and ϕ (the gyrophase) variables and obtaining from it an expression for the gyrophase-dependent portion of f :
Here, ∇| ε,µ,ϕ ( ∇| ε,µ ) is the gradient with respect to the spatial variables taken at fixed ε, µ, and ϕ (ε and µ) and · · · ϕ denotes the gyrophase average. Equation (17) can be solved iteratively to find that the first integral on the right-hand side gives an order δ contribution tof while the second and the third integrals only give order δ 2 contributions. In his work [6] Hazeltine only retained the first integral in Eq. (17), which can be evaluated exactly to givẽ
where Assuming for simplicity that the distribution function is isotropic in the velocity space to leading order,f 0 =f 0 (ε, r,t), we obtain to order δ 2 from the second integral
and from the third integralf
where C is the linearized Fokker-Planck collision operator.
To obtain the drift kinetic equation for the gyrophase-averaged distribution function, f , which is accurate to order δ 2 , we have to evaluate
The contributions from the first two terms were evaluated by Hazeltine [6] and are given to all orders in δ by
where
The contribution fromf 2 was evaluated by Simakov and Catto in Ref. [7] and is given by
Notice, that
. ., are generalized Laguerre (or Sonine) polynomials, with x 2 ≡ mv 2 /2T . The contribution fromf 3 can only be evaluated in a straightforward manner for f 0 = f M . Moreover, since δ 2 corrections to the Hazeltine drift kinetic equation are likely to only be important for ions, we shall consider ions only in this portion of the paper, assume that to the order required C = C ii , and retain species indices to avoid confusion. Since [9] ) we obtain after some algebra
The left-hand side of the ion drift kinetic equation, Eq. (21), for plasmas confined by closed magnetic flux surfaces (i.e., whenf 0i = f Mi ) with all δ 2 i effects retained is given by the sum of Eqs. 
Gyroviscosity for Plasmas of Arbitrary Collisionality
In this subsection we evaluate gyroviscosity to order δ 2 for plasmas of arbitrary collisionality provided the lowest order order distribution function is isotropic in the velocity space [so thatf is given to order δ 2 by the sum of Eqs. 
Notice, that to the order required 
